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Three studies were concducted in order to determine the source
und frequency of children's difficulties in subtraction and to
eyamine different approaches to remediation. In the first
stucy, :i¥ grade children were asked to solve subtraction
probler: -ni were observed and questioned about their solution
srocesses. Jrildren who had difficulty either attempted to
borrow incorrectly nr made inversion errors. The second study
examined the efficacy ¢ two minimally intrusive methods of
remediation: Third-grace ~hildren were given either instructions
to torrow; promised rewards for accurate performance or 1o
problems requiring borrowing. Neither experimental condition
résulted in a significant increase in the number of problems
solved correctly; and error patterns again indicated tha* children
nad difficulty with the borrowing process. In the trird &tudy,
tnird- and fourth-grade children were assigned to one of thiee
conditions: training in the component skills required for
borrowing, feedback in tre form of correctly worked solutions,
or a régﬁiér classroom control condition. Both treatment

5f problems soived correctly, and these increases were accompanied
p T

by a reduction of errors in the borrowing process.



chilarer oo byrore in Subdonetion: an Invoctigaticr ints
Ciuces ¢t ITerediction

Stuldtes exmprinirg children's aritlmetic @ erforriance oo
viovn tluct cubtractior ore oty more difficulty for elehc&ﬂufy
¢lool clildren tharn door aduition, at leaet in the prdrary
rivdie (Jow, 1072y Givebhurs, 1077; Euza&, 19455; It atro

cuorears thot tlis nrobler hecumes more rronovnced Vl.or

?

torrowving ie required (Cox, 14743 Xllis, L107Z2; Gracber ond

Treouency ond Tynes of Irrors

Invertigntiony into +he nature of subtraction difficuitice

Gruiily Lovolve pretenting ol ildren vith different trnes of
svbtraetion nroblems and analyzing tlhé written solutionc -in
areer to delermnine 1lie tynee of error. comnmitted. Cox (1574,

Ptl (£900) and Zllie (1972) &ll rerorted invercion crrore to

43
[

moet [recuent tyre of error for vwrimary frede ¢l-*1drens

ot
dl
3

Tiiv error occurs vhen the child subtricte the emsller nunber

Tror the lurger viern the cmalleér number is located in the
rinte o 0 of tYe nroLlém; a8 in the example:
257
_1(4(,
141

ther investigators have implicated failure fo recall
tlie corrdct number Fact in subtraction errors (Lnpgelliirdt,
1077 Worton; 1925 Williams dnd ”i%a er, 1937). Cox (1474)
alvo nrevents evidence showing that sons clidldren in et cirple
Giu not Lenefit from clasureon instruction over the cource of
fooyuat.  She found tlat tihece children repedated the sunc ¢rror

vhen reterted after a ore yewur interval.

z 4



Cliildrern'ty Subitrict o it

Avoes nreliminary cten An oan Dovestipstion dinto clildyents
crrore deocubtrantion; Cebulel 1 (1082 condueter & o ciudy 4

detertine vhidch tyre of sultriction error coocurs mog “recuently
ors nroblems Lint retuire Lorrowing wné to deterimine voostlce

Srorot o there crrors vertict over time.  Dhdc study OC U0 re

]l
—

81 varlier ores irn tlit children's verbel decerintiernc

01 the proce ures tley eroaloyed oo oviell 28 tleir victtern

LY

roluilong vere uved to cote;orize errors into tyves. Firty-

£ix third-grade clildren from normal clac&roors ' ere presented

vith S0 subtraction nroblems of the tyne,

Theve nrobleme were precented one &t a time on sepurate ©ling

5 white puver, and crildrén vere regquired to talve tie vroblems

v1ile their vritten solutions were observed. They vere tlen
asted Lov 11.€y obtdineéd esch Qigit in the answer. Children
Lore lested irdividually, und were retested one mortl. lotoer
in the sbove manner. Results showed thet, Tor tlioce eleven

ren-wio macte errors on every problem, inversion errors

C

},‘l |

cli:

occurred more frequently than zll other iypes of errors

combined; t(L0)=1t:05; n<&:001l. After a one month in'erval.
J - $

@il eleven of these subjects apgain erred on &very probléni,

vith inversion apain the main source of ©rrors. TInversion
¢rrors occur when tlie smaller mumber i& subtracted fron 1le

larger when the smaller number is located in thée subtraliend;
£ 1n the examnle, 321
=14

-
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Clildren's Subtraction
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For tlose children vwio mide errors but solved
one nro lem correctly,; computational errore caused tle Moot
Gifriculty mhut 38, these children either counted incurrectly

~

tled to recall tle correct number fect. Of thé 27 &b iects

(@]
=
by
w
I.___J I

in thic group, 16 apain made errors but colved a4t leact ore

rrovlem correctly wfter one month., Five othérs improved thedr

perfornance 15 19/20 or 20/20, and six children solved 1o nroblems

correstly: Inversion was the main soiice of errors for tlese
tter six clhildren.

In summ=ry, children wro solved no problems correctly
tended to make inversion errors oh every problem wnd To repeut
thig psttern after one month. Computins the GorTect srHEWer—
numbey'fcct ant counting errors—pave those children wio solved
at 1rnst one problem correctly more trouble than any of the
other skills. These childrén were more likely than tle Tormer

croup to change the number of correct solutions after one .ionthi.

L1y Crildren Commit Eirors

Vhen children mzke errors 6n every problem they attempt,

‘

tleve errore tend to be proceduwral in nature: Cpecifically,
tle clildren do not attempt to implement borrowing nrocedures
Ingtead; they subtract the egmaller number from the lurter

vlen tle larger rumber is located in the subtrahend, :#g in

L o 211
thic examnle: 524 versus Z 214

el , o
The consistent pattern of inversion errors obseérved in
children wro fail to colve nroblems correctly suiyests tlree

pousible cuuses: The children may liive paps in their knowledye

mbout borroving srocedures and, therefore; use tle onty nvailable



Children's Subtraction 4
alternative when confronted with probiems which require
bbi‘i‘éWiﬁg; ﬁitéfﬁatiﬁéiy; these children may not have recognized
the conditions where borrowing was appropriate. They may be
able to borrow correctly when explicitly told to do so, but
invert when not provided with specific instructions or contextual
cues.

A third possible explanation for inversion errors suggests

skills. This situation could occur when the contingency structure
existing in the classroom reinforces problem completion rather

than accuracy. Children may apply an easier (inversion)

facilitetes escape from an unpleasant or boring task. ILow

motivation may also explain the erratic performance of children

wloSe errors are primarily computational in nature. Some
enhanced when reinforcement is made contingent upon accuracy
(Marholin, and Steinman, 1977; Férritor et al., 1972; Copeland
et al.; 1974; Harris and Sherman,; 1973; ILovitt and Esveldt,

1970; Chadwick and Day, 1971). In addition, visual displays
often imprcved prior to the first receipt of reinforcement,
suggesting that an increase in motivation was responsible for
some of the reported improvements.

Whether errors in subtraction were the result of failure
to recognize when to borrow, or the result of low levels of
motivation was examined in & study of third graders (Cebulski,

’

. Y



Children's Subtraction 5
1293)°, Tn this study, children were randomly assigned to one

of two treatment conditions or to a no—treatment control
condition. In the Instructions condition, children were
directed to apply borrowing procedures to every problem, but
‘were not provided with information concerning how toc apply
these procedures. In the Motivation condition, children were
promised the opportunity to select a tangible reward o their
choice from an array of small toys in exchange for a specified
number of correct solutions.

Results showed that neither instructions to borrow on
every problem nor the promise of & prize for correct solutions
resulted in an in:rease in the number of subtraction problems
solved correctly relative to no-treatment controls. However,
for children who originally made procedural errors on every
problem attempted (inversion €rrors or errors in the application
of bYorrowing procedures), instructions to borrow resulted in a

significant decrease in the number of inversion errors committed

Bonferroni t(27)=2:45; p<:025; one tailed: Accompanying a
reduction in the number of inversion errors committed was a
significant increase in the number of borrowing errors committed
difference in the number of borrowing errors was foiund between
the Instructions and Motivation conditions.



rave dir-icuity with subtraction requiring borrowing tend to
commit inversion errors at every opportunity. Why they do
this is unclear, but it does anpear that these children do not
mave the skills required for borrowing. These results also
suggest that, in order to be effective, remediAtion may require
an instructional component.

Improving Subtracticn Performance

to evalucte because they often fail to provide specific details
of the procedures advocated or tested:; Some studies, however;

have shown that various types of remedial procedures intolving
instruction can be effective in improvins performance (Harris
and Sherman, 1573; Smith, Lovitt and Kidder, 1973). DPerformance
feedback has alsc beeén Shown to be effective (Conlon, Hall and

Fanley; 1973; Sagotsky, Patterson and Lepper; 1978; Kirby ard

Shields, 1972; Fink and Carnine; 1975; Baxter, 1973; Blankenship,
1976); although some studies combined feedback with additional
féinféfcéﬁéﬁt; demonstrations,; etc. None of the above studies
compared instruction with feedback: In addition, many of the
above studies used small samr’es of children. This mearis that
the question of whether or not the technigues used were effective
for all chi'dren having difficulty with subtraction could not
be addressed.

cetnlski and Bucuer (1963)% compared the effectiveness
of two types of remedial programs for subtraction. Subjects were
grade trree and four children selected from nine normel classrTooms .



Children's Subtraction 7

their classroom teachers. This pretest consisted of 24
subtracvion problems which ‘the children were required to solve.
correctly were categorized as Unsatisfactory; while those
wro solved between 60 percént and 80 percent of the problems
correctly were classified as Satisfactory. The 60 percent criterion
was selected as it is & commonly used standard of acceptable
academic performance. On the basis of these criteria, 67
subjects were selected for further study:

Children from Unsatisfactory and Satisfactory groups
were randomly assigned to either the Component Skills Training,

the Criterion Training,; or the Control conditions: 1In Component

problems requiring borrowing: These skills were introduced in
a step by step fashion. 1In the program, a sentence containing
some information about subtraction was presented on each

page, f6ilé%é8 by & guestion based on that sentence. A space
was provided for the child to enter his/her response. The child
was tlen instructed to correc* his/her answer by referring to
the right answer provided on the next page, and to record
whether or not the guestion was ariswered correctly. If the
child's response was correct, he/she placed a coloured star
beside the answer. The individual components included in thie
training package were selected or the basis of & task anelysic

of the sclution of & subtraction problem requiring horrowing.

.

i0



Children's Subtraction 8
Tn addition, some components were obtairned from those included
in computer nrograms desigried to simulate children's solutions
to subtraction rroblems (Young and 0'Shea, 1981; Brown and
Burton, 1978), A listing of the program components included in

the Component Skills Training program is provided in Figure 1.

Thsert Figﬁféiiiaﬁontghere

The format for Criterion Training was similar to that
described above. Subjects were presented with 4 training
booklets with 1 to 10 problems on each pages The child was

instructed to solve the problem(s) on each page and then to
correct his/her solution(s). Feedback consisted of the correctly
worked problem, as in this example:
22t s

At the end of both training programs, 10 subtraction problems
were presented. These were used as a criterion index of how
well tre child had acgquired the target skill. Subjects in
the Contrgl condition received fregular classroom instruction.

Training was provided in three sessions which occurred once
a day for three consecutive days. Children worked on the

training booklets in groups of 4 to 6; and each treining

6]

session lasted about 45 minutes. Two to three days following
training, the classroom teachers administered a peéttéSt in the
classroom. The posttest again consisted of 24 subtraction
vroblems. Posttest #2 was administered two tc three weeks later.
For Unsatisfactory sub3i€cts at posttest #l, a main effect

for treéatment condition was obtained, Kruskall Wallace H(2)=

6:55; p<:05: DBetween cell comparisons using the protected

11



Pigure 1: Program Components for Component Skills Training

Rooklet /1

b

. Judgements of relative magnititude nf numerals.

~. Sign recognition (+,=)

3. Column identification (ones'; tens'; hundreds'):

4. Identification of the number of ones, tens and hundreds in
€ach columm.

5. Review.

Booklet #2

Order of operations.

N
.

. location of largest and smallest number within & column.

number in subtrahend from number in minuend.

o’

a4

Subtrac

W

ntif

@I

1d when largest number is on the bottom (subtrahend)

<

in ones' coXumns

Review.

u
LN

Booklet #3
1. Identify when the largest number is on thé bottom in ones’
column.
2. Same as above for tens' columns
3. Identify when & problem requires borrowing (presence of 1 and/or
2).
4. Review.
Booklét #4
1. Review identification of borrowing problems.
2. Reduce numeral in minuend of tens' column.
%, Ad? ten to numera) in minuend of ones' column.
4. Identify problemd reguiring borrowing from tens' cclumn

and apply 2 and 3.

12
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igure 1 (continued)

Heuristics for identification of borrowing problems and
execution of btorrowing procedures in tens' column.
4 mnemonic aid for above heuristics.
Review.
Tcoklet #5

Peview above heuristics.

dentification of problems requiring borrowing from hundreds'

b

column;,

Arplication of heuristics to hundreds' column.

Deview.

Tdentification of problems requiring borrowing from tens'
and hundreds' columns.

Application of heuristics to 5.

Review and nractice.

Criterion.

I



Children's Subtraction 11

est indicated that subjects in both Component Skills

rank sum

ot

Training and Criterion Training conditions solved more borrowing
problems correctly than controls, z=2.32, p<.02 and 2=1.97,

p<+:05 respectively. Treatment means are presented in Table 1.

Trnsert Table 1 about here

Examination of the means at posttest #2 indicates that
maintenance cf treatment gains was obtained over the two week
interval. TFailure to obtain a significant treatment effect

received additional instruction from the classroom teacher

in the procedures required for borrowing during the 2 week
interval between posttests #1 and #2. None of the other subjects
in the control group demonstrated an improvement in performance
during this interval.,

No significant changes in the number of inversion errors,
computational errors or errors %ﬁ the application of borrowing
ﬁféééaﬁfég were obtained as a result of either training
conédition. Trends in the expected direction were observed,

however, for both inversion and borrowing errors in both

experimental conditions: Also, no effects of training on the

in iﬁﬁfé?éﬁéﬁfé in the performance of Unsatisfactory subjects
as a group, some children did not do very well during\%raining.

14



Table 1: Mean Number of Borrowing Problems Solved Correctly

CRT

Control

CST

CRT

Control

mean
sd

mean

Unsatisfactory

pretest posttest #1
1.27 8.27
297 5.:92
11

91 7;é4
2.67 6:53%
11
+80 2,20
2:53 4.54
10

Satisfactory

11:80 14:80
1.14 1:75
10
10355 11:81
3059 6.40
11
9.55 10.55
3.91 4,52
11 .

11.27
7.20

15.80
2.35

13:18
5.10

11.55
5.97

12

posttest #2



Children's Subtraction 13
children in some detail. Tn order to identify those who had
difficulty with remedial training, a median split was dorne on
Recall that the criterion measure consisted of the last 10
problems within each training vprogram.

This median split yielded two subsamples of children
within each of the Satisfactory and Unsatisfactcry conditions.
Those above the median;, considered.to have successfully completed
the programs, were labelled Tutorial-High, while those below
Tutorial=Low.

Criterion Training

In an attempt to understand why some children did not
complete the tutorial programs successfully, performance
throughout the programs was examined. Problems in the Criterion
with 30 problems (3 blocks) presented each day.:

Figufe 2 shows the performance of Unsatisfactory subjects

in the Criterion Training condition. The number of problems

solved correctly by Tutorial-High subjects jumped at day 2

of training and was maintained on day 3, as described by a
significant tinear; ¥(1, 4)=10:56; p=:0314 and quadratic,
F(1, 4)=12.39, p=:0224 trend: The number of probiemg solved
correctly for Tutorial-Low subjects tended t- decrease during
each day; showing some recovery between days: These data are

described by a significant cubic trend; F(1, 5)=13:87; p=:0136:
A& shown in Figure 3, Satisfactory éthé?fﬁ in the Tutorial-

16



Children's Subtraction 14
High condition maintained a high level of accuracy throughout
training. Those in the Tutorial-TIow condition demonstrated &
rattern of performance similar to that of Unsatisfactory,
Tutorial-Iow subjects and was described by significant guadratie,
F(1, 3)=z19.12, p=.0221 and cubic, F(1, 3)=37.87, p=.0086 trends.

Tnsert Fizs. 2 and 3 about here v

While Unsatisfactory, Tutorial=High subjects appeared to
"catch on" to what was required by about the middle of day 2,
and while Satisfactory Tutorial=High subjects did well from
the start, the performance of Tutorial-ILow éuﬁjéé%é in both

Unsatisfactory and Satisfactory groups deteriorated each day:

Despi
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and posttest scores for these children did not differ significantly.

of Tutorial=Low children suggest that: 1) for some children,
contingencies were not sufficient to maintain initially
moderate to high levels of accuracy or to maintain improvements
in performance, and 2) some subjects did not appear to be

utilizing feedback.

Training program, each booklet was divided into 2 blocks; with
the first block containing the first half of the guestions
and with the second block containing the second half of the

questions: Each block; therefore; was composed of & unigue
set of items:
Figures 4 and 5 show performance trends for the Component

Skills Training program. Both Satisfactory and Unsatisfactory

17
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Figure 2: Mean Number of Problems Solved Correctly Across
Training Blocks in the Criterion Training Condition,

Unsatisfactory Group.

day 1 day 2 day 3

number
correct

e

1 2 3 4 5 6 7 8 g’

blocks
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Figure 3: Mean Number of Problems Solved Correctly Across

Training Blocks in theé Criterion Training Condition,

Satisfactory Group.

number -

correct

1 2 3 4 5 6 7 8 g
blocks ‘

19



Children's Subtraction 17
children in the Tutorisl-High group maintained a fairly high

level of accuracy throughout all 5 training booklets. Bonferroni

Insext Fipures 4 and 5 about Nere

t ‘comparisons indicated that, for Putorial-Low children in both
Satisfactory and Unsatisfactory groups, the percentage of items
answered correctly tended to drop sirnificantly from booklets

3 to 5, t(6)=3.92, p<.05 for Unsatisiractory and t(4)=4.:67, p<.05
for Satisfactory subjects. It appeared that, for Tutorial-TLow
children, booklets 4 and 5, which presented the actual steps

required for borrowing, were more difficult than the earlier
booklets which instructed children in pre-borrowing skills.

.
A consistent feature of children who have difficulty with

subtraction was difficulty with borrowing procedures. It
appeared that these children experienced difficulty because they
did not have the skills necessary to solve borrowing problems
correctly. For this reason, remedial technigues which did not

incorporate instruction failed.- Neither manipulating stimulus
conditions by instructing children to borrow, nor offering
prizes for correct solutions resulted in performance gains.

When an instructional component was introduced, however,

B 1

Both feedback consisting of correctly worked solutions and
systematic instruction in component skills were effective remedial
strategies.

However, the failure of some subjects to complete the
training programs successfully highlights the fact that
remediation is not always effective for mll children. Why

20



Figure 4: Mean Percentege of Items Answered Correctly Across
Training Blocks in the Component Skills Training

Condition, Unsatisfactory Group.

60

56, ~

correct

18

blocks




Figure 5:

percent

correct’

{

19

Training Blocks in the Component Skills Training

Condition, Satisfactory Group.

70
60
50
40
30
20

10

booklet

blocks

22
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Children's Subtraction 20
Tutorial-Low children deteriorated in performance during the
programs but didnot show pretestzposttest changes is unclear.
Fatigue or boredom are possibilities. Explaining these
observed declines in accuracy during training may be important
in the understanding of what makes those who fail to learn
different from their more successful counterparts.

The types of remedial programs examined here wewre also no
of children who were already relatively accurate (Satisfactory
croup). It may be that, fo: these children, re-instruction
éﬁd/éf reinforcement in the form of feedback are not potent
motivators: That is, they may not command the additional
attention and effort required to further elevate performences

TPhe results of these studies suggest two goals for future
rescarch. The first is to better identify and understand
individual differences among children w*“o appear to have similar
difficulties. The second is to discover how to elevate
and méiniéih performance at high léGéléﬁ This implies a need
to devel&p better programs which will work equally well for
different types of children. With the current euphasis on
meeting the special needs of children, attaining tle first goal
is paramount. Pursuit of the second, however, may provide
some answers which could make the education of those with learning

difficulties e more successrul venture.
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